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Summary. An impulsive Hopfield neural network with delay which differs from a constant
by a small amplitude periodic perturbation is considered. If the corresponding system with
constant delay has an isolated w—periodic solution and the period of the delay is rationally
independent with w, then under suitable assumptions it is proved that in a sufficiently small
neighbourhood of this orbit the perturbed system has a unique almost periodic solution.
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1 INTRODUCTION

A neural network is a network that performs computational tasks such as associative
memory, pattern recognition, optimization, model identification, signal processing,
etc. on a given pattern via interaction between a number of interconnected units
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characterized by simple functions. From the mathematical point of view, an artificial
neural network corresponds to a nonlinear transformation of some inputs into certain
outputs. Many types of neural networks have been proposed and studied in the
literature and the Hopfield-type network has become an important one due to its
potential for applications in various fields of daily life. The model proposed by
Hopfield, also known as Hopfield’s graded response neural network, is based on an
analogue circuit consisting of capacitors, resistors and amplifiers.

Hopfield neural networks have found applications in a broad range of disciplines
[1, 2, 3] and have been studied both in and discrete time cases by many researchers.
Most neural networks can be classified as either continuous or discrete. In spite of
this broad classification, there are many real world systems and natural processes
that behave in a piecewise continuous style interlaced with instantaneous and abrupt
changes (impulses). Periodic dynamics of the Hopfield neural networks is one of the
realistic and attractive modellings for the researchers. Signal transmission between
the neurons causes time delays. Therefore the dynamics of Hopfield neural networks
with discrete or distributed delays have a fundamental concern.

In the present paper we consider an impulsive Hopfield neural network with
delay which differs from a constant by a small amplitude periodic perturbation [5].
If the corresponding system with constant delay has an isolated w—periodic solution
and the period of the delay is rationally independent with w, then under suitable
assumptions it is proved that in a sufficiently small neighbourhood of this orbit the
perturbed system has a unique almost periodic solution.

2 STATEMENT OF THE PROBLEM. MAIN RESULTS

We consider a Hopfield neural network with impulses at fixed instants and delay
fluctuating around a constant value which may be assumed 1 without loss of gen-
erality:

&i(t) = ﬂi(t)xi(t)JFZ bz‘j(t)fj(xj(t))+zgij(ta zj(t—1—ep(t)))+Ji(t), t # tr,
Jj=1 j=1
Azi(te) = Li(z(te), x(te — 1 —ep(t))), k€Z, (1)

Ax;(t) =0 if t —1—cep(t) =t for some k € Z, t ¢ {tx}rez, ¢ =1,m,

where m is the number of neurons in the network, z = (21,22, ..., 2,,)T € 2 C R™,
x;(t) is the state of the i-th neuron at time ¢, a;(t) > 0 is the rate at which the
i-th neuron resets its state when isolated from the system, b;;(t) is the synaptic
connection weight from the j-th neuron to the i-th one, f;(-) are signal transmission
functions of the j-th neuron, the terms g;;(¢, -) reflect the synaptic connection from
the j-th neuron to the i-th one with transmission delay 1+e¢(t), € € [0, ) is a small
parameter, €9 will be specified below, J;(t) is the external input to the i-th neuron,
Z is the set of all integers, Ax;(tx) = x;(tx + 0) — z;(tx — 0) are the impulses at
instants ¢, and {¢x }rez is a strictly increasing sequence such that lim ¢, = +oo.

k—*+oco

As usual in the theory of the impulsive differential equations [4], at the points of
discontinuity #j of the solution z(t) = (z1(t),...,2m(t))T we assume that z(t;) =
z(tp — 0). It is clear that, in general, the derivatives z(t), k € Z, do not exist. On
the other hand, there exist the limits &(¢x £ 0). According to the above convention,
we assume &(tg) = @(ty — 0).

Similarly, the derivative & does not exist at the other points of discontinuity of
the right-hand side of the differential equation in (1), é.e., at points ¢ which are
solutions of the equations

=1 ep(t) = tr, (2)
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k € Z. We require the continuity of the solution x(¢) at such points if they are
distinct from the instants of impulse effect ¢.
In the sequel we require the fulfillment of the following assumptions:

Al. The functions a;(t) > 0, b;;(t), J;(t) (i,7 = 1,m) are continuous and w—periodic.

A2. The functions f;(-) are continuously differentiable in £2,— the projection of the
domain {2 on the j-th axis, with locally Lipschitz continuous first derivatives.

A3. The functions g;;(t,y;) (i,j = 1,m) are continuous and w—periodic with re-
spect to ¢, continuously differentiable with respect to y;, with locally Lipschitz
continuous with respect to y; first derivatives.

A4. The functions L (z,y) (i € 1I,m, k € Z) are continuously differentiable with
respect to x,y € {2, with locally Lipschitz continuous with respect to x,y first
derivatives.

A5. There exists a positive integer p such that tx4, = tp+w, I; g+p(z,y) = Lik(z,y)
forkeZ,i=1,mand z,y € (2.

A6. The function ¢(t) is w;—periodic, where w; /w is irrational, and Lipschitz con-
tinuous:

lo(t) — )| < K|t' = t"], t,t" eR.

If &9 < min {1, 1/K}, then for € € (0,20) equation (2) has a unique solution
ti(g) for each k € Z. It obviously satisfies

lte(e) —tr — 1] <&, (0) =1t + 1.

It is natural to assume that the period w is distinct from the unperturbed delay 1.
For the sake of definiteness we assume that w > 1 and ¢; # 0 Vk € Z.
For € = 0, from (1) we obtain

m

&i(t) = —ai(t)x(t) + Z big (D) i (8) + D it (¢ = 1) + Ji(t), t# t,

j=1
Azi(ty) = Lin(z(te), z(tk — 1)), k€ Z, (3)
Axi(tk—i—l):O if tk-l-l?éthéGZ, i1=1,m,

so called generating system, and suppose that

A7. The generating system (3) has an w—periodic solution () such that ¢ (t) € 2
for all t € R.

AS. ag“t,-‘ —0forteR, 2 I(w(ty), =0 for k € Z,
) S|
1,7 =1,m.

Now define the linearized system with respect to ¢(¢):

i(t) = A@)z(t),  t#t, (4)
A{E(tk) = Bk.’b(tk), ke Z,

where

Alt) = ~ding ()7 + (50 - (0s(0))
Bk = (g[ik(x,w(tk — ].)) > .
L e=¢(tk) ) ;=1

Let X (¢) be the fundamental matrix of system (4) (see [4]). Denote

A= % I X(w),  Bt) = X(D)e .
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&(t) is an w—periodic piecewise continuous nondegenerate matrix-valued function,
with points of discontinuity of the first kind at {¢x }xez. Now we make two additional
assumptions:

A9. The matrices E + By, k € Z, are nonsingular (E — the unit matrix).
A10. The matrix A has no eigenvalues with real part zero.

Together with (4) we consider the nonhomogeneous system

() = A)=() £ h(t),  t# t, (5)
Az(ty) = Bra(ty) + ck, k€ Z,

where h(t) € AP, {tr} — the space of all almost periodic functions with values in
R™_ which are piecewise continuous with points of discontinuity of the first kind at
tr, k € Z, while ¢ € ap,, — the space of all almost periodic sequences with values in
R™ [4]. Under these assumptions system (5) has a unique almost periodic solution
(see [4, Theorem 25.3)).

We give only those fragments of the proof that will be used henceforth.

Let n be the number of eigenvalues of A with negative real parts. Without loss of
generality we may assume that A = diag (P, N), where P and N are square matrices
of order m — n and n, respectively, such that

ReX;(P) >0, j=1,m—n, ReA(N)<0,j=m—-—n+1m.

Denote
Gt) = —diag (ef*,0) for ¢t <0,
~ | diag(0,eMN?) for t > 0.

It can be shown that

IG@)I < Ce=l,
where C' and « are positive constants. Moreover,
“+o0
z(t) = / D(t)G(t — )@ (1)h(T) dT + Z D(H)G(t — )P (tp)er  (6)
- kez
is the unique almost periodic solution of (5). We shall also need the estimates

teo 2C 2Cp
— < — — < —
/ Gt —7)| dr < - and E |Gt —tx)| < 1

e—aw
-0 kEZ

The first one follows from

oo oo o0 2
/ et gr = / el do = 2/ e do=—.
—00 —o0 0 «

To derive the second one, without loss of generality we may assume that to <t < ¢;.

Then N N
Z IG(t — t3)|| < Cze—a(t—t,k) + CZ e—alt—t)
kEZ k=0 1

For the first sum we have

00 0o oo p—1 oo p—1
E efa(tft_k) _ efoct 2 eat_k _ efat E 2 6ozt_l,_,\p _ efat E E ea(t,,,f)\w)
k=0 k=0 A=0v=0 A=0v=0

p—1 [e’e) peatO p
_ efat § eat,,, E efa)\w S efatl — S - —.
— e — e
v=0 A=0

The second sum is estimated in a similar way. Our result in the present paper is
the following
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Theorem 1. Let conditions A1-A10 hold. Then there exists a number €, € (0,¢&¢]
such that for € € (0,e.) system (1) has a unique almost periodic solution x(t, )
depending continuously on € and such that x(t,e) — (t) as e — 0.

3 PROOF OF THE MAIN RESULT

In system (1) we change the variables according to the formula
x=y((t)+ =
and obtain the system

2(t) = A()z(t) + (Q2)(t) + (Rez)(t), ¢ # tk, (7)
Az(tk) = Bkz(tk) + Spz + Opez, ke€Z,

where

df;

dx;

me {fj (s (04 25(0) — £33 (1)

+ Z (95 (¢, (t = 1) + 2;(t = 1)) — gi5 (b (t = 1)],
(Sk2)i = Lk (W(te) + 2(tr), (t — 1) + 2(tx — 1))

~ Ll lb). vt = 1) = Y- SR (b vt~ 1))

<wj<t>>zj<t>}

are nonlinearities inherent to the generating system (3) and therefore independent
of the fluctuation of the delay e¢(t), while
(Re2)i(t) = > [gij(t, (¢ — 1 — ep(t))) — gi; (£, 2;5(t — 1))],
j=1

(Okez)i = Lig(x(tr), (tk —1—ep(tr))) — Lir(z(tk), o(tx —1))

are increments due to this fluctuation. For the sake of brevity we still write x instead
of ¥4+ z in R.z and §j.z.

We can formally consider (7) as a nonhomogeneous system of the form (5).
Since wy /w is irrational, the nonhomogeneities are almost periodic if z(¢) is almost
periodic. Then its unique almost periodic solution z(t) must satisfy an equality of
the form (6) which in this case is the operator equation

z=U.z,

oo o0

Uz (t) = / B)G(t — 7)1 (7)(Q2) () dr + / B)G(t — 1)~ (r)(Roz)(7) dr
+ D BOG(E— t)D T (k) Skz + > DE)G(E — tr)D ™ (th)Okez
kEZ kEZL
= Qz(t) + Rez(t) + Sz(t) + D-2(1).

An almost periodic solution z(t) = z(t, €) of system (1) corresponds to a fixed point
z of the operator U, in a suitable set of almost periodic functions. To this end we
shall prove that Y. maps a suitably chosen set into itself (§3.2) as a contraction

(53.3).

We first need to introduce some
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3.1 Notation

For a vector z € R™ we denote by | - | its sup —norm. We suppose that the spaces
AP, {tx} and ap,, respectively of almost periodic functions and almost periodic

sequences are equipped with the norms

[kl =sup[h(®)],  [{ck}trezll = sup|ckl.
teR kEZ

There exists a constant pp such that the domain 2 contains a closed po—neighbour-
hood 21 of the periodic orbit {x = 9 (t) : t € R}. Let 2%, i = 1,m, be the i—th

projection of §21. Let us denote

b= sup{|bij(t)| cte 0w, 4,5 = 1,m}7

My = max { sup ¢ |—a;(t)z; + Zbij(t)fj(a:j) + Zgij(t,yj) + Ji(t)] :

j=1 j=1

tel0,w], z,y € 2, i=1,m

)

sup{|]ik(3c,y)| cxr,y€ef,i=1,m, k

I
-
bS]
—

dfz‘(ﬂCi)
d[L‘i

= ma {sup { |=as(0) + 80

df ()

dl‘j

cte 0w, zj e, i j=1,m

sup { bij (1)

.

N

.
——

09i; P
sup{ 8gy](t,yj) ctel0,w], y; €0, 4,5=1m
j

Oz
Ol
0y;
M =sup {[@®)[[[|#~(7)]| : t,7 € [0,w]} .

sup

ol
sup{ ”‘(a:,y)’ L,y €, i j=1,m, k= 17p},

(xay)‘ 1T,y € ‘917 Zaj =

Let L be a common Lipschitz constant for the first derivatives of f;(-) (j = 1,m),
gii(t, ") (t € [0,w], i,j =1,m) and Lix(-,-) (i = 1,m, k = 1,p) for z,y € 21, whose
existence is provided by conditions A2—-A4 and the compactness of the set (2;. For
the sake of brevity we use the Landau symbol O(u") for a quantity whose norm can
be estimated by a constant times p” for p small enough. The meaning of O(g) is

similar.
For a,b € R denote
(a,b) if a <b,
la,b[ = ¢ (b,a) if a>Db,
0 if a=0.

We may note that

T €ltp(e),tr +1] <= tp€lr—1,7—1—cp(1)[

Define the “bad” set A = | Jtr(e), ¢t + 1[. If € > 0 is small enough, then Af is a

kezZ
disjoint union of intervals. We further define the “good” set A5 =R\ Af.
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For the sake of convenience we assume that for k = 1,p t; +1 # t, V¢ € Z. Then

for € > 0 small enough the “bad” set A] contains none of the points ¢y, k € Z.
Let €9 > 0 be so small that all the above assumptions are valid for € (0, g¢].
For p € (0, o] define a set of functions

T, = {z€ AP, : ||2I| < p}.

We shall find a relationship between € and p so that the operator Y. maps the set
7, into itself as a contraction.

3.2 Invariance of the set 7,, under the action of the operator U,
Let z € 7,,. We shall estimate ||Uz| using the representation
U2(t) = Qz(t) + Rez(t) + Sz(t) + Dez(t)

and system (1).
First we have

(Skz)s
— Z/o (?)I;ﬂ(1/)(7%)—&-sz:(tk),1/)(751.3—1)4—sz(t;€_1))_8{;’_c (w(tk),w(tk_l))> ds - ()
+ Z/ (gfyﬂf (tr)+sz(tx), w(tk—1)+sz(tk—1))—%{;’_“ (¢(tk),¢(tk—1))> ds -z (t—1),
thus
mo 1
[(Sk2)i| < Z/ Ls([z(tr)| + [2(tk — 1)[) ds - |2;(tx)]
j=1"0
mo a1
+j21/0 Ls((2(t)] + |=(t — D) ds - 25t — 1)
< mL(|z2(ty)] + |2(t — 1)])?/2
and
S2(0)] < SUECL 2 = 0(,2), @

Similarly, for 7 # tx, 7 # t;, + 1 we have

(Qz)i(1) = Zbij(T)/O <;i£i(¢j(7)+32j(7')) df; (%( ))> ds - z;()
m .1 8913 agzy o
+j_1/0 <8x]( i (T—1)4s2;(7—1))— o, L (7, (T — 1))) ds - z;(T—1),
thus

1
0

L (blz(m)]* + |2(r = D) /2

m 1
|@@¢N<Z§G/zm%mdawmﬁ+4zsqv—n@w@w—uo

and

Qz(t)] <

MmEOEDC 2~ o), (9)
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Further on, let us denote for brevity txse = tp — 1 — sep(t). Since the interval
Jti(e),tr + 1] contains none of the points ty, we have

(5ksz)i = / %Iik(‘r(tk)vx(tkss)) ds

—Z / e alth) ) G )

= ot 3 [ O a00) 0101 )
=1 /

= —ep(tr) Z /O ‘Z/’“ (@(tr), 2(trse)) (—aJ-(tm)xj(tksg)
=1 ’

+ Z bju(tkse)fy(xu(tkss)) + Zgju(tkssuxu(tkss -1~ EQO(tkss))) + Ji(tkss)> ds,

v=1 v=1
thus [(0ge2)i| < emMoM; and
2MmM0M10p

1—e~aw

|D.z(t)] < e = 0(e). (10)

Further on, if 7 € A5\ {tx}rez, then

9ij (T, 2;(1 — 1 —ep(7))) = gij(1, 25 (T — 1))

m

1 ..
= —ep(7) /0 88?;; (7,25(7se)) <aj (Tse)wj(Tse) + Z by (Tse) fu (@0 (Tse))

v=1

+ Zgjv(Tsaa xu(’rse -1~ EQO(TSE))) + Ji(TSE)> d87

v=1

where 7. =7 — 1 — sep(7), thus
19ij(T,25(T = 1 = ep(7))) = gij (T, 25(1 — 1)) < eMoM.

Let 7 €]ti(e), tp+1[ for some k € Z. This means that the interval |[7—1,7—1—ep(7)|
contains just one discontinuity point t;. Now we derive the estimate

19i5(T 25 (T — 1= ep(7))) — gij (T, 2;(7 — 1))| < (e + 1) Mo M.

We have

o0

(Rez)i(t) = / O(t)G(t — )0 (1) (Ro2)i(T) dr

— 00

- / E@(t)G(t77)43*1(7)(&2:)1(7) dr

1

+ / P(t)G(t — T)@il(T)(REZ)i(T) dr
A

€
1

and
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|(Re2)i(t)| < CM Z {/A e g (7, 25 (T —1—e(7))) — gij(r,2;(r—1))| d7

-
A3
< CMm /
Af
= CMmMyM; {5/ e—alt="l - +/ e—alt=7l dT}
—oo Ac

2
— CMmMyM, £+/ e=elt=rlgr \ .
« Ai

Now it remains to show that

e~ gy (7,2, (r —1—2p(7))) — gis (r, 25 (1)) df}

e—a|t—7|(€ + 1)MOM1 dr + /

€_a|t_T|€M0M1 dr
A3

—alt—| dr = / —alt—7| dr = O( )
(& T € T €).
/AT kez; Itk (e),tr+1]

To this end we shall use the fact that
meas Jtx(e), t, + 1[< e and  Jtk(e),tp +1[C [tx + 1 —e,t, + 1 +¢] Vk € Z.

For ¢ € R we shall consider two possibilities:
a) ¢ belongs to none of the segments [ty +1 —¢,t, +1+¢], k € Z. Then we may
assume that to +14+¢ <t <t + 1 —e. Then for £k € NU {0} we have

/ el gr = / e =) dr = e_o‘t/ e*T dr
Jt—k(e)t—r+1[ Jt—k(e)t—r+1[ Jt—k(e)t—r+1[

< e*a(to+1+€)€ea(t—k+1+€) —¢

e*()éto 6O¢t_k

and as in §2 we obtain

s oo

Z/ e—alt=7l g- < ce—ato Zeatfk < L

k=01t —k(e)t—k+1] o 1 —eaw
In a similar way we show that

o0
J IR e -
=1V 1tr(e) i +1[ 1 —eow

Thus,
2
/ eelt=mlar < 5 — o).
A€ 1] —eaw
1

b) t belongs to one of these segments, say, to + 1 — ¢ <t <ty + 1 + £. Clearly,

/ e lt=Tlgr < ¢
Jto(e),to+1[

and
2pe

/ e~ lt=7lgr < —
ke (o} /E# ()t wtl L=e

thus again



20 Haydar Akga, Valéry Covachev and Zlatinka Covacheva

/ ==l g7 — O(e)
Af

[Re2(t)| = Oe). (11)
From (8), (9), (10) and (11) we obtain

Uez(t)] = O(1?) + OCe),

and

i.€.,
Uz (t)] < Kapi? + Koe (12)

for some positive constants K1 and Ks.
To provide the validity of the inequality |Uez(t)| < p, we first choose

1

flo = min {Mo, 5K, }
Then for any u € (0, fip] we have K1u? < p1/2 and inequality (12) takes on the form

[U2(8)] < p/2 4+ Kae.
If we choose

£(p) = min {50, oK, }
then for any € € (0,&(u)] we have koe < /2 and thus ||Uz2|| < p, i.e., the operator
U. maps the set 7, into itself for p € (0, fio] and € € (0,&(w)].
3.3 Contraction property of the operator U,

Let 2/, 2" € 7,. Then

U2 (8) — U2 () = (Q2/ (1) — Q2"(1)) + (Re2!(t) — Re2"(2))
+(S2(t) — S2(1)) + (D2 () — D2 (1))

Here we shall consider only

Sz ( SZH Z@ t — tk (tk)(Skz’ — Skzll).
kEZ

We have
(Skzl)i — (Skzﬂ)i
— (Iz-kw(tk)w’(tk),w<tk—1>+z'<tk—1>> — T ((ta) 42" (0) Wt = 1) +2" (1= 1)) )

- Z T (0.0t = D) (500) = 2 00))

m 1
E:K;[gﬁ Y(tp)+s2' (te)+(1—s)2" (tr), Y(te— 1) +52" (tp — 1)+ (1—s)2" (tp — 1))

- Sk wte.vite — )| ds- (500~ 2 (00)
i Z/@ [%;Zf (w(tk)+szl(tk)+(17$)Z/I(tk)aw(tk*1)+sz/(tk—l)+ (178)2//(%71))

Ol
Gyj

(otaw),wtes = )| ds- (2w 1) = 0 - D).
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thus
|(Sk2")i — (Skz")il

1
; Ls(|2"(te)| + |2'(tk = 1)]) + (1 = s) (|2" (te)| + 2" (te — 1)])] ds

gjf:l/

x (12 (t) = 2" () + 12/ (b = 1) = 2" (1 = 1))
< dmLp|)2' ~ 2|

and
< SMmLCp

T 1l—eow

|82/ (t) — 82" (1)] pllz" = 2" = Oz = 2"

In a similar way, using some ideas of §3.2, we obtain

Q' (1) — Q2"(1)| = O(w)llz" = 2", IR (t) = Re2"(B)l| = O(e) |1z = "I,
IDez" = De2"|| = O(e)l|2" — 2|

and, finally,
Ue2'(t) — Uez" (1)) = (O(u) + O(e)) ||z — 2",

i.e.

U2 (1) = Ue2" (t)| < (Ksp + Kae)|lz = 2"||

for some positive constants K3 and K.
Choose an arbitrary number ¢ € (0,1) and denote p; = min {/10, ﬁ} and

£, = min {5(M1), ﬁ} Then for any p € (0,pu1] and € € [0,e,] we have ||U.z" —

U2"|| < ql|z" =2"|, i.e., the operator U. maps the set 7,, into itself as a contraction.

Thus the operator U has a unique fixed point in 7,,, which is an almost periodic
solution z(t,e) of system (7). Since z = 0 is the unique almost periodic solution of
system (7) for ¢ = 0, then 2(¢,0) = 0. Now z(t,e) = ¢(t) + z(¢, ) is the unique
almost periodic solution of system (1) and gli% x(t,e) = 1(t). This completes the

proof of the theorem.
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